Abstract. We build an augmentation of the Masur-Minsky marking complex by Groves-Manning combinatorial horoballs to obtain a graph we call the augmented marking complex, AMpSq. Using work of Masur-Minsky and Rafi, we show this augmented marking complex is quasiisometric to Teichmüller space with the Teichmüller metric. We also extend the Masur-Minsky hierarchy machinery to AMpSq to build flexible families of quasigeodesics in Teichmüller space. This construction was independently discovered by Eskin-Masur-Rafi [EMR13].
Introduction
The study of various combinatorial complexes built from simple closed curves on surfaces has greatly advanced the state of knowledge of the geometry of Teichmüller space, T pSq, the mapping class group, MCGpSq, and hyperbolic 3-manifolds. In [Br03] , Brock showed that T pSq with the Weil-Petersson metric is quasiisometric to the graph of pants decompositions on S, PpSq, an insight which he used to prove that the Weil-Petersson distance between two points in T pSq is coarsely the volume of the convex core of the quasiFuchsian hyperbolic 3-manifold they simultaneously uniformize. Beginning with their proof of hyperbolicity of the curve complex, CpSq, in [MM99] , the hierarchy machinery Masur-Minsky developed in [MM00] was essential in the proof of the Ending Lamination Theorem ( [Min03] , [BCM11] ) for hyperbolic 3-manifolds. Moreover, in [MM00] , Masur-Minsky built the marking complex, MpSq, and prove it is quasiisometric to MCGpSq in any word metric, an analogy essential to the proofs of rank ( [BM08] ) and quasiisometric rigidity ( [BKMM] ) theorems for the mapping class group.
The goal of this paper is to build a combinatorial complex, the augmented marking complex, which is quasi-isometric to T pSq in the Teichmüller metric: Theorem 1.0.1. The augmented marking complex, AMpSq, is MCGpSq-equivariantly quasiisometric to T pSq in the Teichmüller metric.
We show that the Masur-Minsky hierarchy machinery for MpSq and PpSq extends to AMpSq and we use it to build preferred families of quasigeodesics called augmented hierarchy paths, thereby completing the unification of the coarse geometries of MCGpSq and T pSq in the Weil-Petersson and Teichmüller metrics by a common framework begun in [Raf07] . In a recent paper, Eskin-Masur-Rafi ([EMR13]) used AMpSq and augmented hierarchy paths, which they independently discovered, to prove a rank theorem for T pSq with the Teichmüller metric and recover the rank theorems for MCGpSq and T pSq with the Weil-Petersson metric from [BM08] .
Our construction follows upon the work of Masur and Minsky on the curve and marking complexes ( [MM99] , [MM00] ) and Rafi's applications of their machinery to Teichmüller geometry ( [Raf05] , [Raf07] ). We now briefly discuss the context of these results.
The Teichmüller space of a surface S, denoted T pSq, is the space of hyperbolic metrics on S up to isotopy. The geometry of the thin part of T pSq, those metrics for which the hyperbolic lengths of some curves on the surface are small, is fundamentally different from its complement, the thick part. One can see this in the completion of T pSq in the Weil-Petersson metric, where curves are pinched to nodes and the geometry of the boundary strata is that of a product of the Teichmüller spaces of the complements of the pinched curves. While this stark phenomenon does not exactly hold in the Teichmüller metric, Minsky proved in [Min96] that the Teichmüller metric on the thin part of T pSq is quasiisometric to the product of the Teichmüller spaces of the complements of the short curves and a product of horodisks, one for each short curve (see Theorem 2.5.1) with the sup metric; that is, the thin parts of T pSq coarsely have a product structure.
In [MM99] , Masur and Minsky proved that Harvey's complex of simple closed curves [Ha81] on S, denoted by CpSq, is δ-hyperbolic and that the electrification of the thin parts of T pSq is quasi-isometric to CpSq and thus hyperbolic. While this provides for a substantial amount of control over the large-scale geometry of CpSq and the thick part of T pSq, CpSq is locally infinite, whereas T pSq is proper with the Teichmüller metric, and thus hyperbolicity does little a priori to inform upon the local geometry of either. In [MM00] , they introduced the machinery of hierarchies of tight geodesics which record the combinatorial information sufficient to gain a great deal of control over the local geometry of CpSq, proving it shares some properties with locally finite complexes. These hierarchies also contain the information sufficient to build quasigeodesics in the associated marking complex, MpSq, called hierarchy paths. They proved that the progress along a hierarchy path coarsely occurs in subsurfaces to which the end markings have heavily overlapping projections. Using the hierarchy machinery, they proved that MpSq is MCGpSq-equivariantly quasiisometric to MCGpSq with any word metric and obtained a coarse distance formula for MCGpSq.
The connection between the work of Masur-Minsky and the Teichmüller metric was largely developed by Rafi; see [Raf10] for a summary of the current state of this project. A Teichmüller geodesic is a path through a space of metrics on S and one may ask when a given curve α P CpSq is shorter than some fixed constant. In [Raf05] , Rafi proved that the hyperbolic length of a curve along a Teichmüller geodesic, G, is shorter than the constant from Minsky's Product Regions theorem (Theorem 2.5.1) at some point along G if the vertical and horizontal foliations which determine G heavily overlap on a subsurface of which that curve is a boundary component. In its sibling paper, [Raf07] , Rafi took this condition on foliations and translated it into the context of the curve complex. He proves G enters the thin part of T pSq of a subsurface Y Ă S if and only if the curves which constitute BY are short along G, which happens if and only if Y is filled by subsurfaces to whose curve complexes the vertical and horizontal foliations have sufficiently large projections. In addition, he adapted the celebrated Masur-Minsky coarse distance formula for MCGpSq (Theorem 2.4.4 below) to obtain a coarse distance formula for T pSq in the Teichmüller metric (Theorem 2.6.1 below).
The outline of the paper is as follows: In Section 2, we give the background necessary for the paper; in Section 3, we show how to build AMpSq from MpSq and define the desired map from AMpSq to T pSq; in Section 4, which is the technical heart of the paper, we build preferred quasigeodesics and develop a distance formula for AMpSq, culminating with the proof of the Main Theorem 1.0.1 by showing the aforementioned map from AMpSq to T pSq is a quasiisometry.
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Preliminaries
For the remainder of the paper, let S be a connected, orientable surface of finite type with negative Euler characteristic.
In this section, we recall from [MM00] the basic construction of the marking complex for a surface of finite type, MpSq. We then briefly explain Rafi's combinatorial model [Raf07] for Teichmüller space in the Teichmüller metric, pT pSq, d T q. Finally, we introduce the notion of a combinatorial horoball from [GM08] .
2.1. Notation. To simplify the exposition, we adopt some standard notation from coarse geometry. Given a pair of constants, C 1 , C 2 ě 0, and a pair of quantities, A and B, we write A -pC1,C2q B if
In this paper, any such constants C 1 and C 2 involved in a coarse equality depend at worst on the topology of S.
2.2.
Curve complexes and subsurface projections. The complex of curves of S, denoted CpSq, is a simplicial complex whose simplices consist of disjoint collections of isotopy classes of simple closed curves on S. In the case where S is a once-punctured torus or four-holed sphere, minimal intersection replaces disjointness as the adjacency relation. For Y α an annulus in S with core curve α, CpY α q " Cpαq is the simplicial complex with vertices consisting of paths between the two boundary components of the metric compactification ofỸ α , the cover of S corresponding to Y α , up to homotopy relative to fixing the endpoints on the boundary; two paths are connected by an edge if they have disjoint interiors.
We will be considering only the 1-skeleton of CpSq with its path metric. Endowed with this metric, we have a remarkable theorem of Masur The curve complex is locally infinite, but the links of vertices are often (products of) Gromov hyperbolic graphs, which gives us a substantial amount of control over the global geometry of CpSq, via the hierarchy machinery in [MM00] .
Consider a curve α P CpSq. Then the link of α is CpSzαq, where CpSzαq is the join CpS 1 q˚CpS 2 q if α is separating and Szα " S 1 š S 2 . More generally, if Y Ă S is any proper subsurface, then CpY q lives in the 1-neighborhood of BY Ă CpSq.
We are often interested in understanding the combinatorial relationship between two curves or simplices of CpSq from the perspective of CpY q for some subsurface Y Ă S. Let α Ă CpSq be any simplex and let Y Ă S be any subsurface of S which is not a pair of pants. The subsurface projection of α to Y is the canonical completion of the arcs in α X Y along the boundary of a regular neighborhood of α X Y and BY to curves in Y . We denote this projection by π Y pαq and remark that it is a simplex in CpY q. See Section 2 of [MM00] for more details.
For any two simplices α, β Ă CpSq and subsurface Y Ă S, we use the shorthand
Subsurface projections are essential objects in the Masur-Minsky hierarchy machinery. One of the main outputs of that machinery is the distance formula for MpSq, Theorem 2.4.4 below.
Marking complexes.
A complete marking, µ, on a surface S is a collection of transverse pairs, pα, t α q, where the α form a pants decomposition of S, called the base of µ, denoted basepµq, and each t α is a diameter-1 set of vertices in the annular complex Cpαq (see Section 2.4 of [MM00] ), called the set of transversals. In addition, we assume that markings are clean, which means that the only base curve each transversal t α intersects is its paired base curve, α.
We remark that, in any complete clean marking, each transversal intersects either one or two other transversals. Indeed, since the base curves form a pants decomposition, one can decompose S into a collection of pairs of pants where the base curves form the cuffs and the transverse curves are cut into essential arcs in the pairs of pants. In each pair of pants, each transverse arc must intersect exactly one other transverse arc. In the case that α is two cuffs in one pair of pants (that is, α and t α fill a one-holed torus), t α intersects only one other transverse curve; otherwise, each transverse curve intersects two others.
The marking complex of S, denoted MpSq, is a graph whose vertices are complete clean markings and two markings are connected by an edge if they can be related by one of two types of elementary moves, called twists and flips, which we define now. Given a marking µ and a pair pα, t α q in µ, a twist move around α involves replacing µ with T α pµq, where T α is a Dehn twist or half-twist around α, depending on whether α Y t α fills a once-puncture torus or a four-holed sphere, respectively. By construction, t α is the only curve in µ which intersects α, so this reduces to pα, t α q Þ Ñ pα, T α pt α qq.
Given a pair pα, t α q, a flip move performed at α involves a flip pα, t α q Þ Ñ pt α , αq and some extra changes to preserve cleanliness, which we now explain. As noted above, each transverse curve intersects (either one or two) others, so now that a transverse curve has become a base curve, at least one other transverse pair has been made unclean. In [Lemma 2.4, [MM00] ], Masur and Minsky show that by choosing replacement transversals to minimize distance in the annular curve complexes of their bases, one has a finite number of possible new transversals which are all uniformly close to each other. The purpose of this cleaning is to preserve the twisting data around α while allowing for future flip moves to occur without the resulting base sets failing to be pants decompositions. See Figure 1 .
In the rest of the paper, we assume that all markings are clean and complete.
Definition 2.3.1 (Subsurface projections for markings). We will be interested in subsurface projections for markings. For any µ P MpSq and Y Ă S any subsurface which is not an annulus whose core is in basepµq, we define the subsurface projection of µ to CpY q by π Y pµq " π Y pbasepµqq. In the case that Y is an annulus with core α P basepµq with transversal t α , then π Y pµq " t α .
We now define the projection of a marking on S to a marking on a subsurface, a construction we need in the construction the preferred paths for AMpSq in Subsection 4.2. Definition 2.3.2 (Projections of markings to markings on subsurfaces). Let µ P MpSq and Y Ă S any subsurface. We build π MpY q pµq inductively as follows. Choose a curve α 1 P π Y pµq, then build a pants decomposition on Y by choosing α i P π Y z Ť i´1 j"1 αj pµq. From this pants decomposition, build a marking on Y by choosing transverse pairs pα i , π αi pµqq. We define π MpY q pµq Ă MpY q to be the collection of all markings resulting from varying the choices of the α i .
Lemma 2.4 in [MM00] and Lemma 6.1 of [Ber03] show that the freedom in this process builds a bounded diameter subset of MpY q. We remark however that if BY Ă basepµq, then π MpY q pµq is a unique point in MpY q, since every curve in basepµq either projects to itself in CpY q or has an empty projection.
Remark 2.3.3. The process of constructing π MpY q pµq preserves any curve α P basepµq which happens to lie in Y , for α P π Y pµq and π Y preserves disjointness. Otherwise, we could have chosen to build π MpY q pµq by first preferentially choosing curves in basepµq which lie in Y .
2.4. Hierarchies, hierarchy paths, and large links. We now briefly outline the features of the MasurMinsky hierarchies we need. The main references for the hierarchy theory are [MM00] and [Min03] , and we will point the reader to the corresponding sections when possible; the initial exposition begins in Section 4 of [MM00] . See also the theses of Tao [Tao13] and Behrstock [Ber03] for nice introductions to the theory.
Given any two markings µ 1 , µ 2 P MpSq, a hierarchy, H, between µ 1 and µ 2 is family of special geodesics g Y Ă CpY q with partial markings associated, denoted Ipg Y q and Tpg Y q; see the lead up to the technical Proposition 4.3.4 below for more details on these markings. Each such geodesic is supported on a distinct subsurface Y Ă S, such that the geodesics satisfy a number of subordinancy relations among the g Y determined by the associated partial markings; see Subsection 4.1 of [MM00] . In particular, there is a distinguished base geodesic g H Ă CpSq with Ipg H q " µ 1 and Tpg H q " µ 2 . If Y Ă S is a subsurface and there is some geodesic g Y Ă CpY q with g Y P H, then we say Y is the domain of support of g Y and that Y supports a geodesic in H. Given any g Y P H for Y nonannular and any curve α P g Y , there are disjoint domains Ť k i"1 Y i " Szα (including the annular domain Y α ) and geodesics g Yi P H.
From any vertex α P g H , one can can build markings, µ α P MpSq, with α P basepµ α q by first choosing a vertex α Y P g Y P H for each component Y of Szα for a curve in basepµ α q. For each such α Y , one can then obtain another base curve by choosing a vertex along any g Z P H where Z is a component of Y zα Y ; recall that H contains such geodesics. One completes such a marking µ α by proceeding inductively to the level of annuli, at which point one has assembled basepµ α q and can complete µ α by choosing a vertex on the geodesics g β for each β P basepµ α q.
While nearly all markings constructed in this manner will be unrelated to µ 1 and µ 2 , one can use the subordinancy relations to piece together the geodesics in H into finite paths of markings in MpSq between µ 1 and µ 2 called a hierarchy path based on H. Loosely, the process of resolving a hierarchy involves progressing along geodesics in H, at bottom progressing along g H and then at each vertex, progressing along geodesics whose domains live in the complement of that vertex, etc., conditional upon the subordinancy relations; see Section 5 of [MM00] , especially Proposition 5.4 and Lemma 5.5. We remark that a hierarchy path is a path in MpSq and thus a sequence of elementary flip and twist moves connecting its endpoints.
Remark 2.4.1. It follows from a careful understanding of the Masur-Minsky machinery that hierarchy paths are quasigeodesics in MpSq, though it was not previously made explicit. The Masur-Minsky distance formula (Theorem 2.4.4 below) implies that hierarchy paths are globally efficient. However, a quasigeodesic must also be locally efficient. One can show that a restriction of a hierarchy path to a subsegment can be reconstructed as a hierarchy path based on a hierarchy obtained by restricting the original hierarchy. Another application of Theorem 2.4.4 then implies that hierarchy paths are locally efficient and hence quasigeodesics. This is the content of Proposition 4.3.4.
For arbitrary distinct domains, Y and Y 1 , one can often construct hierarchy paths where the orders of appearance of Y and Y 1 can be reversed. However, there is a partial ordering on the domains of geodesics in H, called the time-order, which is defined in terms of the subordinancy relations and determines when some domains must coarsely come before others along any hierarchy path; if Y is time-ordered before Y 1 , we write Y ă t Y 1 . While two properly nested subsurfaces will not be time-ordered, a sufficient topological condition for two domains Y and Y 1 to be time-ordered is called interlocking, when neither Y nor Y 1 properly contains the other but Y X Y 1 ‰ H; this is part of the content of Lemma 4.18 in [MM00] . See subsection 4.6 of that paper for more details on time-ordering and Definition 4.16 for the precise meaning.
Remark 2.4.2 (Disjoint but time-ordered domains). While interlocking is a sufficient condition for two surfaces to be time-ordered, it is not necessary. Indeed, disjoint but time-ordered domains in a hierarchy are a significant technical obstacle.
Remark 2.4.3 (Time-order for curves). As a convention, we say that two curves α, β are time-ordered in a hierarchy H if their are the core curves of annuli Y α , Y β Ă S and Y α and Y β are time-ordered in H.
One of the main results of the hierarchy machinery is the inspirational Masur-Minsky distance formula for MpSq:
Theorem 2.4.4 (MpSq distance formula; Theorem 6.12 of [MM00] ). There exists a K ą 0 such that following holds: For any k ą K, there are E 1 , E 2 ą 0, such that for any µ 1 , µ 2 P MpSq 1
where rxs K " x if x ą K and 0 otherwise.
Given any pair of markings µ 1 , µ 2 P MpSq, we say that a subsurface Y Ă S is a large link for µ 1 and µ 2 if d Y pµ 1 , µ 2 q ą K. Lemma 6.12 of [MM00] tells us large links are the main building blocks of hierarchy paths:
Lemma 2.4.5 (Lemma 6.12 in [MM00] ). Let µ 1 , µ 2 P MpSq, let Y Ă S a subsurface, and let K be as in Theorem 2.4.4. If d Y pµ 1 , µ 2 q ą K, then Y supports a geodesic g Y P H for any hierarchy H between µ 1 and µ 2 .
Remark 2.4.6 (Large link). The intuition behind the term large link is as follows: If Y Ă S is a large link for µ 1 , µ 2 , we know from Lemma 2.4.5 that Y supports some geodesic g Y P H; moreover, Y will necessarily appear as the component of some Zzα where Z Ă S is a subsurface supporting a geodesic g Z P H and α P g Z . While the length of g Y in CpY q is d Y pµ 1 , µ 2 q ą K, g Y lives in the link of α P g Z as a path in CpZq, and hence the link of α is large from the viewpoint of µ 1 and µ 2 .
2.5. The thick part and Minsky's product regions. One of the main corollaries to the hyperbolicity of CpSq in [MM99] is Theorem 1.2, which states that the electrification of pT pSq, d T q is quasiisometric to CpSq. In contrast, Minsky showed in Theorem 6.1 of [Min96] that the thin regions of pT pSq, d T q, where at least one curve is short, are quasiisometric to a product space with its sup metric.
Let γ " γ 1 , . . . , γ n be a simplex in CpSq, and let T hin pS, γq " tσ P T pSqˇˇl σ pγ i q ď u, where l σ pγ i q is the hyperbolic length of γ i in σ, for each i. Let
be endowed with the sup metric, where Szγ a disjoint union of punctured surfaces and each H γi is a horodisk, that is, a copy of the upper half-plane model of H 2 with imaginary part ě 1.
Theorem 2.5.1 (Product regions; Theorem 6.1 in [Min96] ). The Fenchel-Nielsen coordinates on T pSq give rise to a natural homeomorphism Π : T pSq Ñ T γ , and for ą 0 sufficiently small, this homeomorphism restricted to T hin pS, γq distorts distances by a bounded additive amount.
Remark 2.5.2. In what follows, fix ą 0 to be sufficiently small so that 2.5.1 holds. When we say that a curve α is short for some σ P T pSq, we mean that l σ pαq ă .
Remark 2.5.3. Up to quasiisometry, we may take the sup or product metric on the product space in 1, though Minsky's version with the sup metric is finer and results in only an additive error.
2.6.
Rafi's combinatorial model. The main result of [Raf07] is an adaptation of the machinery in [MM00] to the setting of pT pSq, d T q. In particular, Rafi obtains a distance estimate in Theorem 6.1 of [Raf07] analogus to the Masur-Minsky formula (Theorem 2.4.4 above), restated below in Theorem 2.6.1.
Given σ P T pSq, a shortest marking µ σ P MpSq for σ is a marking inductively built by choosing a shortest curve in α 1 P CpSq on σ, then choosing a shortest curve α 2 P CpSzα 1 q, etc., until one has arrived at a shortest pants decomposition of S. One completes this to a shortest marking by choosing shortest curves β i which intersect α i but not α j for j ‰ i. The result is a complete, clean marking, of which there are finitely-many by [[MM00], Lemma 2.4]. We note that the collection of curves which are shorter in σ than the constant in Minsky's Theorem 2.5.1 form a simplex in CpSq by the Collar Lemma. Thus in the case that σ P T hin γ for some simplex γ Ă CpSq, we necessarily have γ Ă basepµ σ q.
Theorem 2.6.1 (Rafi's formula; Theorem 6.1 in [Raf07] ). Let ą 0 be as in Theorem 2.5.1. There exists k ą 0 such the following holds:
Let σ 1 , σ 2 P T pSq, define Λ to be the set of curves short in both σ 1 and σ 2 , and define Λ i to be the set of curves σ 1 and not in Λ. Let µ i be the shortest marking for σ i . Then
In remarks after Corollary 4.4.2, we describe how to use Rafi's formula (2) to build a path in AMpSq (defined below in Section 3) which coarsely realizes (2) as its length. This path, while globally moving efficiently, can contain subpaths which involve arbitrary amounts of backtracking, coming from the fourth term on the right hand side. In Section 4, we build preferred quasigeodesic paths in AMpSq, called augmented hierarchy paths, which coarsely have length 2 and avoid this unbounded backtracking.
2.7. Combinatorial Horoballs. Combinatorial horoballs were introduced by Groves and Manning in [GM08] in the context of relatively hyperbolic groups; see [CC92] for an earlier, similar construction. In particular, suppose that G is a finitely-generated group and P " tP 1 , . . . , P n u is a finite collection of finitelygenerated subgroups of G. Among other equivalences, in [Theorem 3.25, [GM08] ] they showed that the augmentation of the Cayley graph of G by combinatorial horoballs along the subgroups in P is hyperbolic if and only if G is relatively hyperbolic to P in the sense of Gromov.
While MCGpSq is not relatively hyperbolic to any family of subgroups (Theorem 8.1 in [BDM08] ), the process of adding efficient paths to the marking complex via combinatorial horoballs to build the augmented marking complex is reminiscent of and indeed inspired by the relatively hyperbolic construction. We use combinatorial horoballs to model the hyperbolic upper half-planes which appear in the product structure of the thin parts discovered by Minsky [Min96] in Theorem 2.5.1. We fully explain the construction of AMpSq in the next section.
Definition 2.7.1 (Combinatorial horoball). Let X be any simplicial complex. The combinatorial horoball based on X, HpXq, is the 1-complex with vertices HpXq p0q " X p0qˆp t0u Y Nq and edges as follows:
‚ If x, y P X p0q and n P t0u Y N such that 0 ă d X px, yq ď e n , then px, nq and py, nq are connected by an edge in HpXq. ‚ If x P X p0q and n P t0u Y N, then px, nq is connected to px, n`1q by an edge.
The metric on HpXq is the path metric, where each edge is isometric to r0, 1s.
Remark 2.7.2. X sits inside of HpXq as the full subgraph containing the vertices X p0qˆt 0u.
As with horoballs in H n , combinatorial horoballs are uniformly hyperbolic:
Theorem 2.7.3 (Theorem 3.8 in [GM08] ). Let X be any simplicial complex. Then HpXq is δ-hyperbolic where δ is independent of X.
Remark 2.7.4. The combinatorial horoballs we use are a simple case of the above, for X is the orbit of a Dehn twist or half-twist and thus a copy of Z.
We need the understand geodesics in combinatorial horoballs. Fortunately, they have a nice description from Lemma 3.10 in [GM08] :
Lemma 2.7.5 (Lemma 3.10 in [GM08] ). Let HpXq be a combinatorial horoball and x, y P HpXq distinct vertices. Then there is a geodesic γpx, yq " γpy, xq between x and y which consists of at most two vertical segments and a single horizontal segment of length at most 3.
Moreover, any other geodesic between x and y is Hausdorff distance at most 4 from this geodesic.
Following [[GM08], Section 5.1], we define preferred paths for HpXq.
Suppose that x, y P X have d X px, yq " C. For any px, aq, py, bq P HpXq, consider the path between these two points which consists of (at most) three segments: a vertical segment from px, aq to px, rln Csq, a horizontal segment of one edge from py, rln Csq, and another vertical segment from py, rln Csq to py, bq. In the case that a or b ě ln C, then the respective vertical segment is not included and the horizontal segment connects at either height a or b, depending on whether or not a ě b.
These paths are not geodesics (which are similar but will differ slightly in vertical height depending on the divisibility of C), but they are quasigeodesics which are a uniformly bounded distance from geodesics, with the bound independent of X. This can be seen from the easily verified fact that no geodesic can contain a horizontal segment of length greater than 5 (see Figure 3 in the proof of Lemma 3.11 in [GM08] ). Because Figure 2 . A busy p4ˆ8q-slice of the base of a combinatorial horoball over Z; every edge has length 1. Notice that at height 2, each vertex is connected to half the others, while all vertices are connected at height 3. 
Construction of AMpSq
The main idea of the construction of AMpSq is to model the product regions discovered by Minsky [Min96] using MpSq as the thick part. We begin by showing a combinatorial horoball over an orbit of a Dehn twist or half-twist in MpSq is quasiisometric to a horodisk. We then define AMpSq as a graph and make some observations about its structure. We finish the section by defining the maps identifying AMpSq with T pSq and prove some basic facts about the identification.
3.1. The horoballs H α are quasiisometric to horodisks. Let H pα,tαq be the combinatorial horoball over the orbit of the action of xT α y on µ, where µ contains a transverse pair pα, t α q. A typical point in H pα,tαq is of the form pα, T k α pt α q, nq, where T k α pt α q records the horizontal position, n records the vertical position, and α and t α identify the particular horoball. When the context is clear, we write pα, T k α pt α q, nq " pk, nq. We also frequently suppress the transverse curve when referring to a horoball and simply write H α when the context is clear.
We begin this section with an elementary proof of the fact that horodisks are quasiisometric to combinatorial horoballs over orbits of Dehn twists or half-twists. In order to do this, we use a set of criteria for a map to be a quasiisometry from the lemma in Subsection 4.2 of [CC92] :
Lemma 3.1.1. Let X and Y be spaces with path metrics. In order for φ : X Ñ Y to be a quasiisometry, it suffices that
(2) for some K ą 0 and for all x 1 , x 2 P X, d Y pφpx 1 q, φpx 2ď K¨d X px 1 , x 2 q; and
Proposition 3.1.2 (Horoballs are quasiisometric to horodisks). Let µ P MpSq, pα, t α q a transverse pair in µ, and H α the combinatorial horoball over the orbit of the action of xT α y on µ. Then H α with the path metric is quasi-isometric to a horodisk with the Poincaré metric.
Proof of Proposition 3.1.2. Let ∆ be the standard horodisk with the Poincaré metric. Define a map φ : H α Ñ ∆ by φpα, T k α pt α q, nq " φpk, nq " pk, e n q. We verify that φ satisfies the conditions from Lemma 3.1.1.
To see that φpH α q is quasidense in ∆ and thus satisfies condition 1, observe that φpH α q is all the points of the form pn, e k q, where n, k P Z ě0 . Since the ∆-distance between two horizontally adjacent vertices in φpH α q is uniformly bounded by the distance between two vertices at height 1, every point in ∆ is at most distance 1 from a vertical geodesic line in φpH α q. Similarly, the distance between two vertically adjacent vertices in φpH α q is bounded by e´1 e . Thus φpH α q is quasidense in ∆.
We
, confirming condition 2.
Finally, we check condition 3. Suppose that we have x 1 " pk 1 , n 1 q, x 2 " pk 2 , n 2 q P H
with verticesā " rpk 1 , e n1 q, pk 1 , e n2 qs,b " rpk 1 , e n2 q, pk 2 , e n2 qs,c " rpk 1 , e n1 q, pk 2 , e n2 qs; we note that
Since we are assuming that |c| is bounded, our assumption that one of |k 1´k2 | or |n 1´n2 | is large implies that one of |ā| or |b| is large. It follows immediately the triangle inequality that both |ā| and |b| are large. By δ-hyperbolicity of ∆, is δ-thin. Note that angle in at the vertex pk 1 , e n2 q whereā andb meet is bigger than π 2 . If we parametrizeā andb moving away from pk 1 , e n2 q by fā : r0, |ā|s Ñ ∆ and fb : r0, |b|s Ñ ∆, then d ∆ pfāptq, fbptqq ą δ for t ą δ. Thus δ-thinness of implies thatc must be δ-close toā andb for almost their entire lengths. Since they were long , it implies thatc must have been long, a contradiction.
3.2. Building AMpSq from MpSq. We are now ready to define the augmented marking complex for a surface, denoted AMpSq. AMpSq is a simplicial 1-complex with vertices and edges as follows.
A vertexμ P AM p0q pSq, called an augmented marking, is a complete clean marking, π MpSq pμq " µ P MpSq along with a collection of lengths for the curves in basepµq " tα 1 , . . . , α n u: (Thick and thin) . The integer D αi coarsely stands in for how short α i is in a given augmented marking, in terms of extremal (or hyperbolic) length, with D αi positive implying α i is short; this analogy is made explicit in the definition of the map G : AMpSq Ñ T pSq in Subsection 3.3 below. When D αi pμq " 0 for all α i P basepµq, we say thatμ is in the thick part of AMpSq. Similarly, if D αi pμq ą 0, we say α i is short inμ andμ is in the α i -thin part of AMpSq.
More generally, let ρ Ă CpSq be a simplex. We say thatμ P AMpSq is in the ρ-thin part of AMpSq if D α pμq ą 0 for each α P ρ. If, in addition, D β pμq " 0 for all β P CpSzρq, we say thatμ is thick relative to ρ.
There are three types of edges in AM p1q pSq. The first type is the elementary flip move from MpSq. The second type is a twist move, which comes from bundles of elementary twist moves from MpSq and corresponds to a horizontal edge in a combinatorial horoball. The last type is a vertical move, which involves adjusting the length data and corresponds to a vertical edge in a combinatorial horoball. We connect two augmented markingsμ 1 ,μ 2 P AM p0q pSq by an edge in each of the following cases:
‚ Flip moves: If µ 1 , µ 2 P MpSq differ by a flip move at a transverse pairing pα, tq Þ Ñ pt, αq, and if µ 1 ,μ 2 have the same base curves and length data, with
Remark 3.2.2 (No flipping a short curve). Ifμ P AMpSq, D α pμq ą 0 and pα, tq a transverse pair, then it is not possible, by construction, to perform a flip move pα, tq Þ Ñ pt, αq, for only base curves can be short. This is precisely to guarantee that the Teichmüller distance between the image under the map G of two augmented markings which differ by an elementary move is uniformly bounded; see Lemma 3.3.2 below.
Since MpSq is locally finite and each augmented marking has at most 2 vertical edges for each base curve, we have the following immediately from the definition:
Lemma 3.2.3. AMpSq is locally finite.
The metric on AMpSq is the path metric, where each edge is given length 1. In the Section 4, we define preferred quasigeodesic paths. We close this subsection with a series of remarks.
Remark 3.2.4 (MpSq ãÑ AMpSq). For any subsurface Y Ă S, there is a natural inclusion of i Y : MpY q ãÑ AMpY q given by i Y pµq " pµ, 0, . . . , 0q and we call this embedded copy of MpSq the thick part of AMpY q and points therein thick points. In particular, when Y " S, we think of i S pMpSqq Ă AMpSq as the thick part of AMpSq. As we will see in Section 3.3, i S pMpSqq can be identified with the thick part of T pSq, justifying our terminology.
Remark 3.2.5 (Combinatorial horoballs in AMpSq). Let µ P MpSq and pα, tq a transverse pair in µ. Consider the orbit, X α Ă MpSq, of µ under xT α y ď MCGpSq, the subgroup generated by the Dehn twist or half-twist about α. Consider the image of X α in AMpSq, namely i S pX α q. Then i S pX α q lies at the base of the combinatorial horoball H α Ă AMpSq.
Remark 3.2.6 (Shadows). Consider a pathP Ă AMpSq. Consider the unique path P Ă MpSq obtained fromP by releasing all short curves to have length coordinates 0 for each augmented marking inP and replacing each horizontal move deep in a horoball with the corresponding string of twist moves along the boundary of that horoball. We call P the shadow ofP in MpSq.
Remark 3.2.7 (Thin parts and product regions). Let ρ Ă CpSq be a simplex. If we ignore the technical concerns about cleaning markings after flip moves, then the collection of ρ-thin points in AMpSq, which we call the ρ-thin part of AMpSq, coarsely has the structure of the 1-skeleton of ś αPρ H αˆA MpSzρq (See Theorem 2.5.1 for comparison).
3.3.
Maps between T pSq and AMpSq. We are now ready to define maps between AMpSq and T pSq which we later prove are quasiisometries in Theorem 4.4.1.
Let α P CpSq and σ P T pSq. Define a map d α : T pSq Ñ Z ě0 by
For each σ P T pSq, let µ σ be a shortest marking for σ as defined before Theorem 2.6.1.
Define F : T pSq Ñ AMpSq by F pσq " pµ σ , d α1 pσq, . . . , d αn pσqq where basepµ σ q " tα 1 , . . . , α n u. We think of F as choosing a shortest augmented marking for each σ P T pSq, and outside the context of the map F , we may writeμ σ for a shortest augmented marking for a point σ P T pSq.
We now construct an embedding G : AMpSq Ñ T pSq in terms of Fenchel-Nielsen coordinates. Consider an augmented markingμ P AMpSq withμ " pµ, D α1 , . . . , D αn q. In building coordinates for Gpμq, we are given a clear choice of a pants decomposition, basepµq, and bounds for the length coordinates, , we can use the transverse curve data pα i , t i q to pick out a unique twisting numbers, τ αi pt i q, and thus a unique metric on S, as follows.
For each i, α i either bounds one or two pairs of pants, depending on whether α i lives in a four-holed sphere or a one-holed torus. As we have chosen lengths for all the curves in the pants decomposition, the metrics on the pairs of pants are uniquely determined.
In the case of the four-holed sphere, consider the two unique essential geodesic arcs, β 1 , β 2 in the pairs of pants connecting α i to itself. Let τ αi pt i q be the unique twisting number associated to the gluing of the pairs of pants at α i which connects β 1 to β 2 to realize t i .
Similarly, for the case when α i bounds two cuffs on one pair of pants which glue into a one-holed torus, there is a unique geodesic arc, β, connecting the two copies of α i . Let τ αi pt i q be the unique twisting number associated to the gluing of the copies of α i which connected the two ends of β to realize t i .
We can now define G : AMpSq Ñ T pSq by Gpμq "`l αi , τ αi pt i q˘i. Since G sends each augmented marking to a unique point for which each curve in the base of that marking is short, the shortest augmented marking for any point in the image of G is unambiguous; that is, F˝Gpμq " µ. Thus Lemma 3.3.1. F˝G " id AMpSq ; in particular, G is an embedding and F is a surjection.
It is important to have a uniform bound on the distance between Gpμ 1 q and Gpμ 2 q, whereμ 1 andμ 2 are adjacent vertices in AMpSq. We also need that GpAMpSqq is quasidense in T pSq. We record these fact in a series of lemmas.
There is a constant L " LpSq ą 0 such that for anyμ 1 ,μ 2 P AMpSq adjacent vertices in AMpSq, d T pSq pGpμ 1 q, Gpμ 2ă L.
Proof. Let ą 0 be as in Theorem 2.5.1. First, suppose thatμ 1 andμ 2 differ by a vertical edge or horizontal edge in a horoball, H α , where α P basepμ 1 q X basepμ 2 q. Recall that the length of α in both Gpμ 1 q and Gpμ 2 q is less than by the definition of G. By Minsky's Theorem 2.5.1, Gpμ 1 q and Gpμ 2 q coarsely live in the product H αˆT pSzαq. The projections of Gpμ 1 q and Gpμ 2 q to T pSzαq are identical, so d T pGpμ 1 q, Gpμ 2is (up to an additive constant) equal to the distance in H α of the projections of Gpμ 1 q and Gpμ 2 q to H α , again by Minsky's Theorem 2.5.1. This distance is coarsely the corresponding distance in a horodisk, via Proposition 3.1.2, which is precisely 1 by Lemma 3.3.1. Thus there is a uniform bound on d T pGpμ 1 q, Gpμ 2 qq. Now suppose thatμ 1 andμ 2 differ by a flip move. Then the statement follows immediately from [Lemma 5.6 in [Raf07] ] and the local finiteness of AMpSq, Lemma 3.2.3.
Before showing that GpAMpSqq Ă T pSq is quasidense in Lemma 3.3.4, we need the following observation:
Lemma 3.3.3. Every point in the -thick part of T pSq is a uniformly bounded distance away from the -thin parts of T pSq. This bound depends only on the topology of S.
Proof. If σ P T pSq is in the -thick part of T pSq and µ σ P MpSq is the shortest marking for σ with basepµ σ q " tγ 1 , . . . , γ n u " γ P CpSq, then there is a uniform upper bound on the length of the γ i , which depends only on the topology of S. Thus there is a uniform bound on the distance between σ and some point σ thin P T hin γ , which is obtained by scaling the lengths of the curves in γ in σ to be less than . In fact, this holds for points in the -thick part of T pY q for every subsurface Y Ă S, with the same constant bounding the distance to a uniformly thin part. Proof. We show by induction that GpAMpSqq is quasidense in the -thin parts of T pSq. Let σ P T pSq and let F pσq "μ σ P AMpSq a shortest augmented marking for σ. It suffices to show that there is a uniform bound on the distance between σ and Gpμ σ q. Suppose first that σ P T hin γ where γ " tγ 1 , . . . , γ n u Ă CpSq is a maximal simplex, i.e. pants decomposition, of S. Then by Theorem 2.5.1, σ and Gpμ σ q coarsely live in ś i H γi and have length coordinates which differ at most by 2 . As there is a uniform bound on the distance in each H γi and on the dimension of the simplex γ, it follows that σ and Gpμ σ q are uniformly close. Now suppose that σ P T hin γ where γ " tγ 1 , . . . , γ n´1 u Ă CpSzαq Ă CpSq is a simplex of dimension one less than maximal. Then σ and Gpμ σ q coarsely live in ś i H γiˆT pSzγq. Since µ σ was the shortest marking for σ, if basepµ σ q " tγ 1 , . . . , γ n´1 , αu, then α was the shortest curve in σ in CpSzγq and Gpμ σ q lives in ś i H γiˆHα . By Lemma 3.3.3, there is a uniform bound on the distance between π T pSzγq pσq and T hin α Ă T pSzγq. Thus there is a uniform bound on the distance between σ and T hin γ Ă T pSq, with GpAMpSuasidense in the former. Thus GpAMpSqq is quasidense in T pSq by induction and the proof is complete.
Augmented hierarchy paths
The preferred paths in MpSq constructed in [MM00] by Masur and Minsky are the hierarchy paths from Subsection 2.4, which are quasigeodesics in MpSq (as recorded in Lemma 4.3.4 below). The preferred paths in AMpSq are augmented hierarchy paths, which we define below in Theorem 4.2.3 and show are quasigeodesics in Proposition 4.3.5. The augmentation process adding pinching and releasing moves into the sequence of flip and twist moves prescribed by a given hierarchy path in MpSq to ensure that twisting is done efficiently. As with the process of resolving hierarchies (see Section 5 of [MM00] ), this process is by no means canonical and may be adjusted to various purposes.
We first restrict ourselves to a particular type of hierarchy path in MpSq, then we use these to build augmented hierarchy paths in AMpSq. Finally, we prove some general facts about hierarchy paths and deduce distance estimates for their augmentations.
4.1. Bundling twists. We first need the right type of hierarchy path. In the proof of [Proposition 5.4, [Raf07] ], Rafi uses a combinatorial argument to show that any hierarchy path may be rearranged to obtain a new hierarchy path based on the same hierarchy in which all twist moves around a given curve are bundled together by rearranging twist moves around a given base curve past flip and twist moves on disjoint curves. This argument uses [Lemma 5.16, [Min03] ], which states that any curve appearing as a base curve in a marking in a hierarchy path appears in a contiguous interval. We remark that Rafi's rearrangement method can be used to shift twist moves forward or backward in a hierarchy path, the result is always a hierarchy path, and it depends only on the condition that the curve in question is a base curve during all the moves in consideration.
Let Γ Ă MpSq be a hierarchy path based on some hierarchy H. We say that Γ has bundled twist moves or simply bundled twists if, for each α P CpSq, any twist moves around α in Γ occur consecutively. From now on, we will assume that all hierarchy paths in MpSq have this property of bundled twist moves.
Letμ 1 ,μ 2 P AMpSq be augmented markings as above. Let Λ Ă CpSq be the collection of curves contained in the bases of bothμ 1 andμ 2 , and Λ i Ă CpSq the collection of curves short inμ i but notμ 3´i . Note that Λ, Λ 1 , Λ 2 Ă CpSq are simplices. We summarize the above discussion in the following lemma:
Lemma 4.1.1. Let Γ be a hierarchy path between µ 1 and µ 2 based on a hierarchy H. Let tα 1 , . . . , α m u " Λ 1 , tβ 1 , . . . , β m u " Λ 2 , tδ 1 , . . . , δ k u " Λ be any orderings of Λ 1 , Λ 2 , and Λ which obey the time-order coming from H. Then there is a hierarchy path Γ 1 of H with bundled twist moves which is the concatenation Γ 1 " Γ thin Γ 1 Γ thick Γ 2 , where Γ thin , Γ 1 , Γ thick , and Γ 2 are as follows:
(1) Γ thin consists entirely of twists move in the δ i , done in order (2) Γ 1 consists entirely of twist moves in the α i , done in order (3) Γ 2 consists entirely of twist moves in the β i , done in order (4) Γ thick consists of no twist moves around any curve in Λ 1 Y Λ 2 Y Λ (5) Λ is contained the base of every marking in Γ 1 Remark 4.1.2. In the statement of Lemma 4.1.1, the orders on Λ, Λ 1 , and Λ 2 are required to obey the time-ordering coming from H. Despite the fact that the curves in Λ and the Λ i form simplices in CpSq, the poorly-understood but seemingly unavoidable phenomenon of disjoint, time-ordered subsurfaces prevents uninhibited reordering of the curves. As Γ already obeys the time-order, this is an unproblematic technical assumption.
Remark 4.1.3. Since curves in Λ are base curves during the entirety of any hierarchy path Γ based on H, we are free to put twist moves around curves in Λ anywhere along Γ, but we choose group them together at the beginning in a segment Γ thin for simplicity and (5) of Theorem 4.2.3 below.
Letμ 1 ,μ 2 P AMpSq, with base markings µ 1 , µ 2 P MpSq. Let Γ be a hierarchy path in MpSq between µ 1 and µ 2 , obtained by resolving a hierarchy H as in Lemma 4.1.1 above. We now sketch how to use Γ to construct an augmented hierarchy path r Γ betweenμ 1 andμ 2 . The technical details are contained in Theorem 4.2.3.
Γ is a sequence of flip and twist moves. The process of transforming Γ into r Γ involves inserting pinching and releasing moves to ensure that twist moves are done as efficiently as possible, by moving through the combinatorial horoballs, and that flip moves are possible to do (for, as noted above in Remark 3.2.2, a flip move cannot be performed on a curve which is short). There is also the added concern of dealing with curves which are short inμ 1 ,μ 2 , or both, but we show how to isolate these issues so that only the basic case in whichμ 1 andμ 2 are both thick relative to these collection of curves remains.
4.2. Augmenting hierarchy paths. In this subsection, we complete the augmentation of the hierarchy path Γ into an augmented hierarchy path, r Γ. We accomplish this by building the initial and terminal segments, r Γ 1 and r Γ 2 respectively, of r Γ so that, excluding these segments, r Γ is effectively a path between thick points in AMpSzΛq; that is, during this middle segment of r Γ, no elementary moves involving curves in Λ are performed, where Λ is the set of curves short in both r µ 1 and r µ 2 . Using Γ thin , Γ 1 , and Γ 2 as built in Lemma 4.1.1, we can then build r Γ thin , r Γ 1 , and r Γ 2 . The completion of the construction of r Γ will be simply a matter of altering Γ thick to pass through the combinatorial horoballs.
Before we state Theorem 4.2.3, we need some definitions.
As we did for markings in Definition 2.3.1, we want to be able to compare augmented markings on suburfaces. Definition 2.3.1 goes through except for projecting to annuli, which we replace with combinatorial horoballs to keep track of length data. Our horoballs H pα,tαq depend on the choice of transverse curve t α , so we need a common horoball in order to compare the twisting and length coordinates of two augmented markings.
For each curve α P CpSq, fix an arc β α P Cpαq. For γ P Cpαq, let γ¨β denote the algebraic intersection number of γ with β. The map φ βα : Cpαq Ñ Z, given by φ βα pγq " γ¨β is a p1, 2q-quasiisometry, independent of the choice of β. The map φ βα essentially records twisting around α relative to β. See Subsection 2.4 of [MM00] for more details.
For any curve α P CpSq, let p H α " HpZq be the combinatorial horoball over Z. It follows from Proposition 3.1.2 that p H α is quasiisometric to a horodisk. It follows from the independence of Definition 4.2.1 (Subsurface projections for augmented markings). Ifμ P AMpSq is an augmented marking and Y Ă S is any nonannular subsurface, we define the projection ofμ to CpY q as π Y pμq " π Y pbasepµqq. If Y is an annulus with core curve α, we define the projection ofμ to p H α as follow:
otherwise
Since π α pμq Ă Cpαq is a uniformly bounded set and φ βα is a quasiisometry, π p Hα pμq is also a uniformly bounded set, independent of the choice of β P Cpαq. Moreover, note that ifμ,η P AMpSq live in the same horoball product H αˆA MpSzαq for some α P basepμq X basepμq, then d p Hα pμ,ηq -p1,2q d Hα pμ,ηq.
As we did with markings at the end of Subsection 2.3, we can also define the projectionμ to AMpY q for any subsurface Y Ă S. Recall that π MpY q pµq was defined by inductively building a pants decomposition from π Y pµq and choosing transverse curves from annular projections of µ to the chosen pants curves.
We also need to know how to embed preferred paths into horoball products. Letμ P AMpSq and suppose α P basepr µq with pα, t α q its transverse pair. Let P be any path in AMpSq beginning atμ which involves only moves which change the length of α, D α , or involve a Dehn twist or half-twist around α. Consider the projection ofμ to H pα,tαq and let P α be the path in H pα,tαq beginning at pα, t α , D α q involving the same sequence of vertical and twist moves in P . Then there is a bijection between P αˆπAMpSzα pμqq and P , which embeds P α into the unique copy of H pα,tαq in AMpSq which containsμ, thereby assigning t α as the transversal to α for the initial marking of P .
We say that such a path P lives in the α-horoball product. In the proof of Theorem 4.2.3, we do not distinguish between P αˆπAMpSzα pμqq and P .
Theorem 4.2.3 (Existence of augmented hierarchy paths). Letμ 1 ,μ 2 P AMpSq, Λ, Λ 1 , Λ 2 Ă CpSq, and Γ thin , Γ 1 , Γ 2 , and Γ thick be as in Lemma 4.1.1. Then there are paths r Γ thin , r Γ 1 , r Γ 2 , r Γ thick Ă AMpSq such that the following hold:
(1) The concatenation r Γ thin r Γ 1 r Γ thick r Γ 2 " r Γ Ă AMpSq is a path betweenμ 1 andμ 2 (2) r Γ thin consists entirely of moves in horoball products of curves in Λ (3) r Γ 1 consists entirely of moves in horoball products of curves in Λ 1 , done in order (4) r Γ 2 consists entirely of moves in horoball products of curves in Λ 2 , done in order (5) r Γ thick contains no moves involving curves in Λ Y Λ 1 Y Λ 2 , and r Γ thick has endpoints which are in the thick part of AMpSq relative to Λ.
Proof. Throughout all that follows, we use Γ as our guide to keep track of our progress fromμ 1 toμ 2 . Indeed, the path r Γ we build has Γ as its shadow in MpSq, by first projecting geodesics in combinatorial horoballs to their inefficient paths along the boundaries and then releasing all other length coordinates to 0 (see Remark 3.2.6).
By the assumption that Γ satisfies Lemma 4.1.1, Γ has bundled twists. For any curve γ P CpSq which appears as a base curve in a twist move in Γ, let µ γ,1 and µ γ,2 be the initial and terminal markings in the γ twist bundle. As twisting around γ leaves all other components of a marking unchanged, we remark that π MpSzγq pµ 1 q " π MpSzγq pµ 2 q for any µ 1 , µ 2 between µ γ,1 and µ γ,2 in Γ. In particular, this means that the curve transverse to γ in µ 1 only differs by Dehn or half-Dehn twists around γ from the curve transverse to γ in µ 2 .
We first build r Γ thin , beginning with the curves in Λ " tδ 1 , . . . , δ k u. Let δ 1 P Λ be the first curve appearing as the base curve for a bundle of twists in Γ thin and let µ δ1,1 and µ δ1,2 be the initial and terminal vertices of the δ 1 -twist bundle in Γ thin . Sinceμ 1 ,μ 2 both have δ 1 in their bases, each of them has a δ 1 length coordinate, D δ1 pμ 1 q and D δ1 pμ 2 q.
Letμ δ1,1 ,μ δ1,2 P AMpSq be such that D δ1 pμ δ1,1 q " D δ1 pμ 1 q and D δ1 pμ δ1,2 q " D δ1 pμ 2 q and, for each γ P basepµ δ1,1 qzγ " basepµ δ1,2 qzγ, set D γ pr µ δ1,1 q " D γ pr µ δ1,2 q " D γ pr µ 1 q. Thus r µ δ1,1 and r µ δ1,2 have the same length coordinates on the complement Szδ 1 .
Sinceμ δ1,1 andμ δ1,2 live in the same δ 1 -horoball product, we may project them down to H δ1 without any ambiguity. Let P δ1 be the preferred path in H δ1 , as in Lemma 2.7.5 which connects π H δ 1 pμ δ1,1 q to π H δ 1 pμ δ1,2 q, and consider the path Ą P δ1 " P δ1ˆπAMpSzδ 1 q pμ δ1,1 q, which is an embedded copy of P δ1 into the unique copy of H δ1 in AMpSq containingμ 1 . The path r P δ1 is a path from r µ 1 " r µ δ1,1 to r µ δ1,2 .
By construction, the path r P δ1 projects bijectively to P δ1 in H δ1 and to the point π AMpSzδ1q pμ 1 q in AMpSzδ 1 q; in particular, π H δ 1 p r P δ1 q " P δ1 and π AMpSzδ1q p r P δ1 q " π AMpSzδ1q pμ 1 q. Moreover, π H δ 1 pμ δ1,2 q " µ δ1,2 . Thus r P δ1 makes progress along Γ past all twist moves around δ 1 .
We then repeat this process by moving along the given order of bundled twists in Γ thin . Setting µ δ1,2 "μ δ2,1 , we then similarly build r P δ2 from the preferred path P δ2 in H δ2 by r P δ2 " P δ2ˆπAMpSzδ 2q pμ δ2,1 q. As before, we label the terminal vertex of r P δ2 withμ δ2,2 and note that its shadow in MpSq is µ δ2,2 . We repeat this process for each δ i P Λ, for 1 ď i ď k to obtain a path r Γ thin " r P δ1¨¨¨r P δ k fromμ 1 toμ δ k ,2 . We note that π H δ i pμ δ k ,2 q " π H δ i pμ 2 q for each i and π AMpSzΛq p r Γ thin q " π AMpSzΛq pμ 1 q. We remark that the shadow of r Γ thin in MpSq is precisely Γ thin .
We now build r Γ 1 via segments which move exclusively through the horoballs of curves in Λ 1 " tα 1 ,¨¨¨, α m u, those curves which are short inμ 1 but not inμ 2 .
Let α 1 P Λ 1 be the first curve in the ordering on Λ 1 . Recall that the terminal vertex of r Γ thin isμ δ k ,2 . Note that π MpSq pμ δ k ,2 q " µ δ k ,2 " µ α1,1 , the initial vertex in the α 1 -bundle of twists in Γ and setμ δ k ,2 "μ α1,1 . Let i S : MpSq ãÑ AMpSq be the canonical embedding from Remark 3.2.4 and let P α1 be the preferred path from Lemma 2.7.5 in H α1 between π Hα 1 pμ α1,1 q and π Hα 1 pi S pµ α1,2 qq. Set r P α1 " P α1ˆπAMpSzα 1q pμ α1,1 q.
Letμ α1,2 be the last vertex of r P α1 . Then r P α1 projects bijectively to P α1 in H α1 . In particular, π AMpSzα1 p r P α1 q " π AMpSzα1q pμ α1,1 q.
We obtain a path r Γ 1 " r P α1¨¨¨r P α m , by performing the above operation for each α i P Λ 1 , with the initial vertex of r P αi coinciding with the terminal vertex of r P αi´1 , . Set r Γ 1 " r P δ1¨¨¨r P δ k r P α1¨¨¨r P αm . Note that r Γ 1 is a path beginning fromμ 1 with terminal vertexμ αm,2 , whose only short curves are the curves in Γ, thus µ αm,2 is thick relative to Γ.
The path r Γ 1 has precisely Γ 1 as its shadow in MpSq. By a nearly identical procedure, we can construct a sequence of preferred paths in the combinatorial horoballs of the curves, β i P Λ 2 . Thinking of this sequence of paths beginning at r µ 2 , we get r Γ 2 " r P βn¨¨¨r P β1 , a path from r µ 2 to r µ β1,1 , the terminal vertex of r P β1 . In particular, r Γ 2 is a path from r µ β1,1 to r µ 2 whose shadow in MpSq is precisely Γ 2 .
Finally, we build r Γ thick . Setμ thick,1 "μ αm,2 andμ thick,2 "μ β1,1 . Let µ thick,1 and µ thick,2 be the initial and terminal markings of Γ thick , respectively. By construction, π AMpSzΛq pμ thick,1 q " i SzΛ pπ MpSzΛq pµ thick,1and π AMpSzΛq pμ thick,2 q " i SzΛ pπ MpSzΛq pµ thick,2 qq. By Lemma 4.1.1, each marking in Γ has Λ as part of its base. Moreover, D δi pμ thick,1 q " D δi pμ thick,2 q for each δ i P Λ. Let p Γ thick be the path obtained by setting D δi pr µq " D δi pr µ thick,1 q for each r µ P i S pΓ thick q. Sinceμ thick,1 andμ thick,2 are thick relative to Λ, it follows that p Γ thick is a path betweenμ thick,1 andμ thick,2 , whose length is precisely that of Γ thick .
We obtain r Γ thick from p Γ thick as follows: Let µ γ,1 Ñ¨¨¨Ñ µ γ,2 be a subsegment of Γ thick which is the complete bundle of twist moves around some curve γ (that is, all twist moves around γ in Γ thick occur during this subsegment). Then p Γ thick has the same bundle of twist moves around γ. This sequence of moves, p P γ , projects to a path on the boundary of H γ . Let P γ be the preferred path between π Hγ pr µ γ,1 q and π Hγ pr µ γ,2 q in H γ . Since π AMpSzγq pμ γ,1 q " π AMpSzγq pμ γ,2 q, we can replace p P γ in p Γ thick by r P γ " P γˆπAMpSzγ pμ γ,1 q. The segment r P γ is a path betweenμ γ,1 andμ γ,2 .
Define r Γ thick to be the result of performing this surgery to p Γ thick for every curve γ which appears in a bundle of Dehn twists or half-twists in p Γ thick . Since this surgery does not alter the endpoints of the surgered subsegments, it follows that r Γ thick is a path fromμ thick,1 andμ thick,2 . What is more, r Γ thick involves no twist moves around any curves in Λ Y Λ 1 Y Λ 2 .
Setting r Γ " r Γ thin r Γ 1 r Γ thick r Γ 2 completes the proof.
Definition 4.2.4 (Augmented hierarchy path). We call r Γ the augmentation of Γ and say that r Γ is an augmented hierarchy path betweenμ andη.
Remark 4.2.5. Given any such Γ and augmentation r Γ, r Γ casts a natural shadow on i S pMpSqq Ă AMpSq by first projecting preferred paths in combinatorial horoballs to their inefficient paths along the bottoms of these horoballs and then releasing all other length coordinates to 0, as in Remark 3.2.6. It is easy to see that this shadow is i S pΓq.
Remark 4.2.6 (Uniqueness of augmentation). Once a base hierarchy path, Γ, and an order on common short curves are chosen, the process of augmenting Γ to r Γ is unique. This follows from the uniqueness of a preferred path in a combinatorial horoball.
4.3.
Length and efficiency of augmented hierarchy paths. In this subsection, we present a formula for the length of an augmented hierarchy path and observe that any subpath of an augmented hierarchy path also obeys this formula. Now observe that there is a topological bound, L " LpSq ą 0, on the number of curves in Λ 1 , Λ 2 , and Λ. By adding L¨k to M 2 , we can allow for the truncation by k in the third term of formula (3), for there are at most L terms of the sum which are less than k. This concludes proof that the third term of formula (3) is coarsely the length of the segments r Γ thin , r Γ 1 , and r Γ 2 .
Finally, consider the length of r Γ thick . In the proof of Theorem 4.2.3, the process of constructing r Γ thick from Γ thick involved creating an intermediary path p Γ thick , which was an embedding of Γ thick into the thick part of AMpSq relative to Λ, with the initial and terminal vertices of p Γ thick coinciding with the terminal and initial vertices of r Γ 1 and r Γ 2 , respectively. In particular, the length of p Γ thick is precisely that of Γ thick . The path r Γ thick was constructed from p Γ thick by a series of surgeries which replaced bundles of twist moves by preferred paths in combinatorial horoball products.
From the Masur-Minsky distance formula, Theorem 2.4.4, and the construction of Γ thick in Lemma 4.1.1, it follows that the length of Γ thick and p Γ thick is coarsely
where Y is taken over nonannular subsurfaces of SzΛ.
The bundles of twists in p Γ thick are replaced by preferred paths in the combinatorial horoballs H α to obtain r Γ thick . By Lemma 2.7.5, preferred paths are uniform quasigeodesics, so the second term in equation (4) may be replaced by
This completes the proof of the theorem. Later when we prove that these augmented hierarchy paths move efficiently through AMpSq, we need to know that subsegments of these paths also move efficiently. This follows from a careful reading of [MM00] , but we include a proof for clarity of the exposition. In order to do so, we need some definitions from Subsection 4.1 of [MM00] .
Let Y Ă S be a nonannular subsurface and let µ P MpSq be a marking. The restriction of µ to Y , denoted µ| Y , is the set of transverse pairs pα, t α q in µ whose base curve α meets Y essentially. If Y Ă S is an annulus, then we set µ| Y " π Y pµq.
Recall that each geodesic g Y P H has two partial markings associated to it. They are called the initial and terminal markings of g Y , respectively denoted Ipg Y q and Tpg Y q.
Let X, Y Ă S be subsurfaces. Let g Y Ă CpY q be a geodesic in the curve complex of Y . We say that a subsurface X is a component domain of g Y if X is a component of Y zv for some v P g Y . Suppose that X is component domain for the i th vertex of g Y , namely v i P g Y , X Ă Y zv i . We note that this determines v i uniquely.
We define the initial marking of Y relative to g Y to be We are now ready to prove the following proposition: Proposition 4.3.4. Any subpath of an augmented hierarchy path is itself an augmented hierarchy path.
Proof. This follows from the facts that hierarchy paths themselves have this subpath property and that the augmentation process does not alter the underlying hierarchy. The latter fact is clear. To see the former, recall that a hierarchy, H, is a collection of geodesics in the curve complexes of various subsurfaces, Y Ă S, and a hierarchy path, Γ, is a sequence of collections of positions on these geodesics which fit together into a sequence of markings.
Let H be a hierarchy and Γ a hierarchy path between two markings µ " µ 1 Ñ¨¨¨Ñ µ k " η. For any geodesic g Y P H, let g Y,int and g Y,ter be the initial and terminal vertices of g Y , respectively. Then there are two markings, µ Y,int and µ Y,ter , the initial and terminal markings in which g Y,int and g Y,ter first and last appear, respectively. Having enumerated Γ, we may think of any marking τ appearing along Γ as coming before, after, or during some subsurface, Y Ă S, with g Y P H, depending on whether or not τ P Γ Y " rµ Y,int , µ Y,ter s.
If µ 0 and η 0 are two markings in a hierarchy path Γ based on H, occurring in that order, then one can build a restricted hierarchy H 0 out of geodesics g Y in H for which Γ Y X rµ 0 , η 0 s ‰ H, with H 0 consisting of precisely the geodesics which form the overlaps. More precisely, if g Y is such a geodesic and, for instance, µ 0 overlaps g Y , then we can remove the initial segment of g Y to obtain a geodesic g Let g H 1 be the truncation of the main geodesic g H at µ 0 and η 0 . Set Ipg H 1 q " µ 0 and Tpg H 1 q " η 0 . Now suppose that g One can check both that H 0 is indeed a hierarchy and that one can build a hierarchy path, Γ 0 , based on H 0 by resolving H 0 as H was resolved into Γ, and Γ 0 will be a restriction of Γ to the interval between µ 0 and η 0 . That is, subpaths of hierarchy paths are hierarchy paths.
To show this subpath property lifts to augmented hierarchy paths, let r Γ be an augmented hierarchy path betweenμ 1 andμ 2 , with underlying hierarchy path Γ between µ 1 and µ 2 . Letμ 0 andη 0 be two vertices on r Γ and let Γ 0 be the restriction of Γ to the interval between µ 0 and η 0 .
Let Λ 0 , Λ 0,1 , and Λ 0,2 be the set curves short in bothμ 0 andη 0 , those short inμ 0 but not inη 0 , and those short inη 0 but not inμ 0 , respectively. Each of these sets inherits an order from r Γ, so we assign them that order. Having chosen an order and an underlying hierarchy, it follows from Remark 4.2.6 that the corresponding augmentation of Γ 0 , call it r Γ 0 , coincides with the subpath of r Γ betweeμ 0 andη 0 . This completes the proof.
Finally, we justify the preferred status of augmented hierarchy paths by showing they are uniform quasigeodesics in AMpSq. Proof. Letμ 1 ,μ 2 P AMpSq be augmented markings and let r Γ be any augmented hierarchy path between them. Since all subpaths of augmented hierarchy paths are augmented hierarchy paths (Proposition 4.3.4), it follows that all subpaths of r Γ obey the distance formula 3 in Theorem 4.3.1. It thus suffices to show that 3 is coarsely d AMpSq pμ 1 ,μ 2 q. We do so by contradiction.
Let L " LpSq ą 0 be the uniform bound on the distance in T pSq between the images of two points in AMpSq which differ by an edge from Lemma 3.3.2. Rafi's formula (Theorem 2.6.1) and Theorem 4.3.1 imply that d T pSq pGpμq, Gpηqq is pP, Qq´coarsely the length of r Γ, for appropriately chosen constants P, Q depending on L and the constants from Theorem 2.6.1 and Theorem 4.3.1. Suppose that there is a path,Γ, in AMpSq betweenμ andη whose length, R, is such that R¨L ă 1 P p˚q´Q, where p˚q is the right-hand side 2 of the equation from Theorem 2.6.1. In this case, it follows that GpΓq has length less than d T pSq pGpμq, Gpηqq, a contradiction. Thus, r Γ is globally efficient, completing the proof.
As a corollary of Proposition 4.3.5 and Theorem 4.3.1, we have:
Corollary 4.3.6 (Distance formula for AMpSq). There are constants R 1 , R 2 ą 0 which depend only on S such that for anyμ 1 ,μ 2 P AMpSq Proof. Since we have shown in Lemma 3.3.4 that GpAMpSq Ă T pSq is quasidense, it suffices to show that G is a quasiisometric embedding. This is a direct consequence of Proposition 4.3.5 and various distance formulae.
Letμ 1 ,μ 2 P AMpSq and let Λ, Λ 1 , and Λ 2 be as in Theorem 4.2.3. Corollary 4.3.6 gives that the distance in AMpSq betweenμ 1 andμ 2 is 
